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Abstract
In an elastohydrodynamic lubricated (EHL) contact under Zero Entrainment Velocity (ZEV) condition, surfaces cannot be 
separated by hydrodynamic lift. In this work, two other phenomena responsible for a film thickness build-up in ZEV con-
tacts are studied using a numerical model. First, the thermal effect called “viscosity wedge” is investigated in steady-state 
conditions. Second, the “squeeze” effect is described in an environment where dynamic (time dependent) loads are consid-
ered. Then, both the viscosity wedge and squeeze effects are considered together. For each one of the two mechanisms, a 
characteristic time is considered. The ratio of these two times allows the identification of a dominant effect. Depending on 
this ratio, a prediction is attempted using semi-analytical models describing each effect. For an ideal set of parameters, it is 
shown that the combination of squeeze and viscosity wedge in EHL contact under ZEV allows for an enhanced performance.

Keywords Elastohydrodynamic · Zero entrainment velocity · Viscosity wedge · Squeeze

List of Symbols

Superscripts
A  Steady-state thermal conditions
B  Transient isothermal conditions
C  Transient thermal conditions
*  Semi-analytical formula

Subscripts
1,2  Solids 1 and 2, respectively
c  Central—film thickness
f  Fluid
m  Minimum—film thickness
min  Minimum—overtime

Variables (Unit)
a (m)  Dry contact radius(Hertz)
av  (K−1)  Parameter for the Murnaghan density 

formula
aCY (−)  Parameter for the Carreau–Yasuda non-

Newtonian viscosity formula

A1 (K)  Coefficient for the WLF viscosity 
correlation

A2  (Pa−1)  Coefficient for the WLF viscosity 
correlation

B1  (Pa−1)  Coefficient for the WLF viscosity 
correlation

B2 (−)  Coefficient for the WLF viscosity 
correlation

C1 (−)  Coefficient for the WLF viscosity 
correlation

C2 (−)  Coefficient for the WLF viscosity 
correlation

Cp (J k g−1 K−1)  Heat capacity
E (Pa)  Young modulus
E

′ (Pa)  Material parameter
F (−)  Variable for the WLF viscosity 

correlation
GCY (Pa)  Parameter for the Carreau–Yasuda non-

Newtonian viscosity formula
h (m)  Film thickness
h0 (m)  Rigid body separation
h
Wang∗

c  (m)  Transient semi-analytical formula for 
the prediction of hc

hA∗
m

 (m)  Steady-state semi-analytical formula for 
the prediction of hm

k (W m−1 K−1)  Thermal conductivity
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K00 (−)  Parameter for the Murnaghan density 
formula

KM (−)  Parameter for the Murnaghan density 
formula

K
′

M
 (−)  Parameter for the Murnaghan density 

formula
L (−)  Dimensionless Moes parameter
M (−)  Dimensionless Moes parameter
nCY (−)  Parameter for the Carreau–Yasuda non-

Newtonian viscosity formula
p (Pa)  Pressure
ph (Pa)  Hertz contact pressure
Q (W m−3)  Total heat source
R (m)  Radius of curvature
Req (m)  Equivalent radius of curvature
t (s)  Time
tFinal (s)  Time at the end of calculation
tLoading (s)  Time at which the reference load is 

reached, the loading time
tT (s)  Characteristic thermal time
t (−)  Dimensionless time
tC|m, min (−)  Dimensionless instant at which the 

minimum value of the minimum film 
thickness is observed in transient ther-
mal conditions

tT (−)  Characteristic thermal–transient ratio
T (K)  Temperature
T0 (K)  External temperature
Tg (K)  Glass transition temperature
Tg0 (K)  Glass transition temperature at ambient 

pressure
TR (K)  Reference temperature
 u (m s−1)  Surface velocity
UDH (−)  Dimensionless velocity parameter
 w (N m−1)  Load per unit length
wi (N m−1)  Initial load per unit length
wref (N m−1)  Reference load per unit length
x, y, z (m)  Coordinates
�∗  (Pa−1)  Reciprocal asymptotic isoviscous pres-

sure–viscosity coefficient
�k  (K−1)  Temperature–density parameter
� (m)  Equivalent elastic surface displacement 

of both solids
� (m)  Dynamic viscosity
�e (k g s−1 m−2)  Generalised viscosity parameter
�
′

e
 (k g s−1 m−3)  Generalised viscosity parameter

�Wang∗ (−)  Parameter for the transient central film 
thickness prediction formula

�g (Pa  s)  Viscosity at glass transition
v (−)  Poisson coefficient
� (k g  m−3)  Density
�e (k g  m−3)  Generalised density parameter
�

′

e
 (k g s)  Generalised density parameter

�e′′ (k g m s)  Generalised density parameter
�R (k g  m−3)  Reference density
�∗ (k g  m−3)  Generalised density parameter(
�

�

)
e
 (m s)  Generalised density/viscosity ratio

�zx (Pa)  Shear stress along the x-axis
�e (Pa)  Shear stress norm

1 Introduction

In pure rolling conditions when the contacting surfaces 
move at the same velocity in the same direction, the behav-
iour of elastohydrodynamic lubricated (EHL) contacts is 
well understood. The semi-analytical formulae [1–9] writ-
ten in such conditions indicate that the minimum film thick-
ness in EHL contacts tend to decrease with the increase of 
the applied load. Similar conclusions have been made for 
contacts in rolling/sliding conditions [10, 11].

Under Zero Entrainment Velocity conditions (ZEV), that 
is when the contacting surfaces move at the same velocity 
and in opposite directions, no hydrodynamic lift can happen. 
Nonetheless, very high shearing implies that the thermal 
phenomenon called viscosity wedge needs to be considered. 
First introduced by Cameron in [12] regarding contacts in 
various sliding conditions, the viscosity wedge explains the 
pressure build-up in a ZEV contact by the close proximity 
of cold fluid at its two inlets (where both solids enter the 
contact) to heated fluid at its two outlets (where both solids 
exit the contact). This proximity leads to high vertical tem-
perature gradients and by extension to viscosity gradients, 
themselves causing a pressure generation. ZEV contacts 
have received a lot of interest in the beginning of the mil-
lennia [13–17]. More recently, Zhang et al. [18, 19] have 
studied how surface roughness can influence the film thick-
ness profile. Multiple authors have noted (in experiments 
and numerical simulations) that an increase of the load in 
EHL contact under ZEV condition leads to a small increase 
of the minimum film thickness [10, 20–23].

Another phenomenon, called squeeze effect, can con-
tribute to the generation of pressure in lubricated contacts. 
It links a transient variation of film thickness with a time-
dependent pressure generation. Pure squeeze, which hap-
pens when two solids with no tangential velocity are pressed 
together from an initial gap, presents three points of interest 
for the current work. First, the squeeze effect is time depend-
ent and ultimately leads to no film thickness [24–27]). Sec-
ond, when the initial gap is low enough, there is no rebound 
happening between the contacting bodies. Larsson and 
Hoglund [26] as well as Dowson and Wang [27] showed 
cases at high and low initial gaps exhibiting this behaviour. 
Third, whether there is rebound or not, while the minimum 
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film thickness decreases rapidly towards zero, the central 
film thickness hits a plateau [27–29].

Wall slip was evoked in the literature as potentially 
responsible for a load bearing capacity [30, 31]. Assuming 
industrial surfaces (not perfectly smooth), this effect is not 
supposed to happen and will therefore not be considered in 
this study.

The main objective of this work is to identify the main 
mechanisms that could explain a film thickness creation in 
ZEV contacts subjected to squeeze. Convincingly validated 
on a broad range of cases [23], EHL numerical models will 
be used to put into light the physics at stake and deliver local 
measurements. The viscosity wedge and squeeze effect will 
be characterised independently, before their combined effect 
is studied.

2  Model

2.1  Equations

The model used in this document is based on the ones pro-
vided by Raisin et al. [11] and Wheeler et al. [32]. The 
work by Habchi [33] gives more details on the numerical 
techniques employed. A 2D configuration is considered to 
describe cylinder on cylinder contacts with far less degrees 
of freedom than a full 3D configuration, while still providing 
accurate results (see [23] for a direct comparison between 
the configurations under stationary ZEV condition).

In this study, the two solids (1 and 2) in contact are 
assumed to be infinitely long cylinders aligned in the 
y-direction. As such, the problem is reduced to the plan (xz) 
where �⃗x is the axis of tangential movement of the solids 
and z⃗ the vertical axis where the film thickness is measured. 
Time is noted by the parameter t . Given the radii of curva-
ture for the two solids R1 and R2 , the equivalent radius of 
curvature Req is introduced as follows (see Eq. 1):

A reference load wref is introduced. The Young modulus 
and Poisson coefficients of both solids are E1 , E2 , v1 and v2 . 
The material parameter E′ is defined as shown in Eq. 2:

According to Hertz theory [34], when two infinitely long 
cylinders are pressed in dry conditions under the reference 
load wref , the zone of contact is an infinitely long band of 
width 2a (see Eq. 3):

(1)
1

Req

=
1

R1

+
1

R2

(2)2

E�
=

(
1 − v1

)2
E1

+

(
1 − v2

)2
E2

Moreover, the solids are subjected to a parabolic pressure 
profile whose maximum value is the Hertz contact pressure 
ph (see Eq. 4):

Assuming a parabolic shape of the undeformed bodies, 
the film thickness h is given in Eq. 5:

where h0 is the rigid body separation, � is the equivalent 
elastic surface displacement of both solids and x2

2Req

 the rigid 

solid geometry.
A Murnaghan [35] density law is considered (Eq. 6), 

describing the variation of density with pressure p and tem-
perature T .

where KM = K00e
−�KT  , with �k the temperature–density 

parameter. All other parameters are controlled.
The Newtonian viscosity of the fluid, which represents its 

dependency with temperature and pressure only, is described 
by the improved WLF [36] correlation (Eq. 7):

 A1 , A2,B1 , B2 as well as C1 and C2 are the correlation param-
eters of the model. �g is the viscosity at glass transition and 
Tg0 the glass transition temperature at ambient pressure.

The non-Newtonian viscosity of the fluid, which 
described the behaviour of the fluid with the local shear 
stress, follows the model proposed by Carreau and Yasuda 
[37] (Eq. 8):

�zx is the calculated shear stresses along the x-axis.

(3)a =

(
8wrefReq

�E�

)1∕3

(4)ph =
2wref

�a

(5)h(x, t) = h0(t) +
x2

2Req

+ �(x, t)

(6)
�(p,T) = �R

1
(
1 +

K�
M

KM

p
)−

1

K�
M

1

1 + av
(
T0 − TR

)

(7)

�(p,T) = �g

(
−2.303 C1

(
T − Tg

)
F

C2 +
(
T − Tg

)
F

)

where

Tg(p) = Tg0 + A1 ln
(
1 + A2p

)
F(p) =

(
1 + B1p

)B2

(8)

�
(
p,T , �e

)
=

�(p,T)

(
1 +

(
�e
GCY

)aCY
) 1

nCY
−1

aCY

where

�e = ||�zx||
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The film thickness is expected to be of a few hundred 
nanometres while the contact length on the other hand is 
expected to be of a few hundreds of micrometres. There-
fore, the hypothesis of thin films is made. In addition, inertia 
forces and surface tension are considered negligible com-
pared to viscous forces. Moreover, there will be no boundary 
slip at the solid/fluid interfaces. Finally, the flow is consid-
ered laminar. All of those assumptions lead to the General-
ized Reynolds’ equation [38] (Eq. 9):

 where �e = ∫ h

0
�dz ��

e
= ∫ h

0

(
� ∫ z

0

dz�

�

)
dz ���

e
= ∫ h

0

(
� ∫ z

0

z�dz�

�

)
dz

1

�e

= ∫ h

0

1

�
dz and

1

��
e

= ∫ h

0

z

�
dz a n d  

(
�

�

)
e

=
�e
��
e

��
e
− ���

e
, �∗ =

��
e
�e(u2 − u

1

) + �eu1
In the following, the surface velocities are defined as fol-

lows: u2 = −u1 = u . This equation is solved in a one-dimen-
sional domain x ∈ [−6a; + 6a] . A condition of nil pressure 
is given at the two edges of the domain ( p = 0 ). For more 
details on the stabilisation technique used and cavitation 
treatment employed, see the work by Habchi [33].

The calculated fluid pressure applies on top of an equiva-
lent elastic solid, while the bottom edge is fixed ( 60a away 
from the lubricated contact, as in [33]). The elastic displace-
ment of the top surface of the equivalent solid due to the 
fluid pressure is noted � . Finally, h0(t) is calculated by solv-
ing the load balance equation.

Note that in this equation, no dynamic effects are considered.
The energy equation is written for both solids (subscripts 

1 and 2 ) and for the fluid (subscript f  ), as in Eq. 11 and 
assuming that the heat source in the solids Q1 = Q2 = 0:

where ki is the thermal conductivity, Cpi the thermal capacity 
and ui the velocity of the subdomain (solids or fluid).

The transmission of energy through radiation is omit-
ted as convection and conduction are considered prevalent. 
Moreover, the only heat sources are shear Qs and compres-
sion Qc heating occurring in the fluid, as given in Eq. 12:

where uf  is the local velocity of the fluid.

(9)
�

�x

((
ρ

η

)

e

�p

�x

)
−

�ρ*

�x
−

�ρe
�t

= 0

(10)∫
6a

−6a

p dx = w(t)

(11)
�

�x

(
ki∇T

)
+ �iCpi

(
ui

�

�x
T +

�T

�t

)
= Qi

(12)
Qf = �

(
�uf

�x

)2

⏟⏞⏞⏟⏞⏞⏟
s

+−
T

�

��

�T

(
uf .

�p

�x

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟
Qc

Heat flux continuity is assumed at each fluid–solid inter-
face, as in Eqs. 13 and 14:

The external temperature T0 is imposed on the top and 
bottom boundaries of the solids. It is also ascribed to the 
side boundaries of the solids and fluid domains where the 
velocity vector points inwards. Everywhere else, a condition 
of nil flux is imposed.

The reader will refer to [11, 23, 33] for any details on the 
numerical procedure that are not recalled here. Figure 1 also 
illustrates the coupling between the dependent variables in 
the model and some of the important observed values such 
as the film thickness h and the viscosity �.

2.2  Operating Conditions

In this study, the lubricant is a commercial turbine (Shell 
T9) oil used in previous studies (see [23, 39, 40]). Table 1 
gives all the parameters characterising this lubricant. The 
solids are made of steel (see Table 2). Operating conditions 
are given in Table 3. 

The motion of the rolling elements of a full complement 
bearing is controlled by the overall dynamics of the bearing. 
Consequently, the inertia of the rolling elements is neglected 
at the scale of the contact. The loading process is modelled 
by controlling the load w(t) [42, 43]. Only a single approach 
between the two bodies is considered. By doing so, only 
three loading parameters are needed to describe the loading 
process: the initial load wi , the final load wref and the load-
ing time tLoading . The loading starts at t = 0 . As such, the 
variation of load with time follows the description in Eq. 15:

(13)kf
�T

�z

||||z=0+ = k1
�T

�z

||||z=0−

(14)k2
�T

�z

||||z=h+ = kf
�T

�z

||||z=h−

Fig. 1  Non-linear and highly coupled equations solved, as well as the 
corresponding dependent variables. The links between the various 
equations are shown
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where tFinal = 100 × tLoading is chosen so that the stead state 
is reached in all studied cases.

The value of wi = 0.67 × 10−3 × wref  was chosen to 
ensure that the initial state was in the hydrodynamic regime 
(with deformations negligible compared to the film thick-
ness), with extremely low temperature gradients while still 
being a converged result using the current model.

(15)w(t)

wref

=

{
0.67 × 10−3 +

(
1 − 0.67 × 10−3

)
t

tLoading
for t < tLoading

1 for tLoading ≤ t < tFinal

The model is used to simulate the contact while including 
or ignoring the thermal or squeeze effects. This will provide 
information on the independent effects of, respectively, the 
squeeze and viscosity wedge effects. Three cases are there-
fore considered, as reported in Table 4.

The viscosity wedge and squeeze effects are first studied 
separately, respectively, in Case A and Case B, in order to 
identify their respective influence on the behaviour of the 
contact under ZEV condition. Case C assumes that both 
effects are present.

When the squeeze effect is ignored, the results corre-
spond to a series of steady-state cases (Case A). Each time 
t < tLoading corresponds to a load w(t) . It is possible to rep-
resent any dependent variable (such as the minimum film 
thickness hm(w(t)) ) as a function of time, even though no 
transient effects are considered. For t > tLoading , the steady-
state case corresponds to the value obtained at w = wref.

The minimum film thickness in case A is noted hA
m
(t) (and 

accordingly for superscripts B and C which refer to case B 
and case C, respectively). The notation hA

m,min
 refers to the 

minimum value of hA
m
(t) over time. All previous definitions 

also apply to the central film thickness.
The dimensionless time t (Eq. 16) is introduced to study 

the influence of the loading time.

Raisin et al. [11] defined a value of the thermal char-
acteristic time for high slide-to-roll ratios in thermal tran-
sient problems as the ratio of the Hertz contact length a 
over the velocity of the fastest moving solid (In this case 

||u1|| = ||u2|| = u ). However, their definition of a was based on 
an average value of the contact load. As such, the definition 
of the thermal characteristic time must be adapted to the pre-
sent study. The final load is therefore chosen as a reference 
for its definition. This leads to the definition of the thermal 
characteristic time given in Eq. 17.

(16)t =
t

tLoading

Table 1  Fluid properties from [39, 40]

Cpf (J k g
−1 K−1)] 1900

kf (Wm−1 K−1) 0.118

�R (k gm
−3) 872

K00 (Pa) 9.234 × 109

KM

′
10.545

av (K
−1) 7.734 × 10−4

�k (K
−1) 6.09 × 10−3

�g (Pas) 1 × 1012

C1 15.9035

C2 14.1596

A1 188.95

A2 (Pa−1) 0.533 × 10−9

B1 (Pa−1) 7.37 × 10−9

B2 −0.6171

Tg0 (K) 204.68

p0 (Pa) 0

aCY 5

nCY 0.35

GCY (Pa) 7 × 106

TR(K) 298

Table 2  Solid properties are taken from [39, 41]

Parameter Value

E1 = E2 = E (Pa) 210 × 109

�1 = �2 = � 0.3

�1 = �2 = � (k gm−3) 7850

Cp1 = Cp2 = Cp (J kg−1 K−1) 470

k1 = k2 = k (Wm−1 K−1) 46

Table 3  Operating conditions
u (ms−1) 3

Req (m) 0.01

T0 (K) 293.15

wref (Nm) 100, 000

Table 4  Description of the model assumptions for each calculation 
case

Case A: steady-
state thermal

Case B: squeeze 
isothermal

Case C: 
squeeze 
thermal

Thermal effect X X
Squeeze effect X X
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The ratio tT = tT∕tLoading represents the relative influence 
of the thermal effects compared to the squeeze effect. It is 
called the characteristic thermal–transient ratio.

2.3  Initial State

In cases A and C where thermal effects are considered, 
the initial state is defined by a steady-state thermal result 
(with w = wi = 0.67 × 10−3 × wref ). This initial state pre-
sents two particularities. First, the maximum elastic sur-
face displacement ( 2 nm ) is negligible compared to the film 
thickness (0.3%), which corresponds to a thermal hydrody-
namic regime. Second, the temperature in the entire fluid 

(17)tT =
a

u
= 0.07ms is subjected to very small variations, which are enough to 

ensure a stable film thickness under this very small load.
The corresponding temperature distribution is repre-

sented in Fig. 2a. The maximum temperature is extremely 
small compared to temperature differences found in 
highly loaded contacts under ZEV condition (see Fig. 2b). 
The minimum film thickness (in Case A and C) is 
hA
m
(t = 0) = hC

m
(t = 0) = 529 nm . The film thickness is not 

null because of temperature gradients, albeit small, between 
the two contacting surfaces. The maximum contact pressure 
is only 0.372 MPa.

As depicted in Fig. 2, the shape of film thickness profile 
will drastically change from the small initial load (Fig. 2a, 
hydrodynamic regime) to the final load (Fig. 2b, Elastohy-
drodynamic regime), where a dimple (local maximum of 
film thickness) forms at the centre of the contact, and two 

Fig. 2  Film thickness and temperature profiles in the a initial and 
b final states, with respective load ales on axes and colour map 
wi = 0.67 × 10−3 × wref and wref = 100, 000Nm−1 . Scales on axes 

and colour map are not the same to emphasize the temperature gradi-
ent in the film thickness. For the same reason, temperature map is not 
plotted on the solids in (b)

Fig. 3  Variation of the central 
and minimum film thicknesses 
with the load in case A. The 
semi-analytical model described 
in Eqs. 19 and 20 is shown in 
red. A better view of the differ-
ent observed values is provided 
for lower loads between 0 and 
2500 N m−1. Horizontal lines, 
in grey, show the minimum 
value hA

m,min
 and the final value 

hA
m

(
wref

)
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minima appear the inlet/outlet of the contact, as previously 
described in [17–23].

The thermal aspect of the model is not considered in case 
B. As such, the initial state is defined by fixing h0 to the same 
value (527 nm) as in cases A and C. The consequence is that 
there is no pressure and no elastic displacement in the initial 
state for case B. Given the small initial gap, no rebound is 
expected [26, 27].

3  Individual Effects of Viscosity Wedge 
and Squeeze

3.1  Case A: Thermal Steady‑State Viscosity Wedge

The variation of the film thickness in case A with the load 
is represented in Fig. 3.

As the load increases from w = 67 to w = 2065.7Nm−1 , 
the value of the minimum and central film thicknesses 
decreases down to hA

m,min
= 74nm . This is associated with 

a rigid body separation h0 decrease of 401 nm , far stronger 
than the increase ( 61.4 nm ) of the elastic surface displace-
ment � (see Eq. 5). This behaviour corresponds to a ther-
mal hydrodynamic lubrication (THL) regime. No dimple is 
observed during this phase.

From w1D = 2065.7Nm−1 onward, an increase of the 
load is associated with an increase of the minimum film 
thickness. This corresponds to an elastic surface displace-
ment � varying in the same order of magnitude as the rigid 
body separation h0 . This indicates an EHL regime. From a 
physical point of view, an increase of the load leads to an 
increase of the pressure in the contact. This, in turn, is the 
cause for a stronger shear heat generation. Higher vertical 
thermal gradients of temperature ensue, which ultimately 

induce higher vertical viscosity gradients. As indicated by 
the Navier–Stokes equation [44] written in 1D assuming thin 
films (see Eq. 18), this leads to higher pressure gradients, 
and as such, a stronger viscosity wedge. For an in depth 
analysis of this behaviour, see [23].

At w = 5263.5Nm−1 , the central and minimum film 
thickness are dissociated. From there, a dimpled film thick-
ness profile is observed for all loads. Figure 3 shows how 
the increase of the central film thickness with the load is 
stronger than the increase of the minimum film thickness. 
These results qualitatively corroborate the ones obtained in 
other studies [10, 22].

The red dotted line in Fig. 3 shows the prediction hA∗
m

 
of the semi-analytical model developed in Eqs.  19 and 
20, inspired from [23] and adapted to steel–steel contacts. 
The method of least squares was used, with a coefficient 
of determination of 0.96 for the experimental dataset and 
0.98 for the numerical one. For more details on this equa-
tion, refer to Appendix. This model captures well the case 
of this study but it is not universal since it does not include 
the material properties, nor the external temperature (here 
T0 = 293.15K ), these parameters playing a major role as 
shown in [23].

(18)

𝜕p

𝜕x
=

1

h∫
h

0

𝜕p

𝜕x
dz =

1

h∫
h

0

𝜕(𝜂�̇�)

𝜕z
dz =

(𝜂�̇�)h − (𝜂�̇�)0
h

=
Δ(𝜂�̇�)

h

(19)

hA∗
m

(
u,w,Req

)
h∗

= w0.146 ×

(
Req

R∗

)−0.42

× (1 − exp(−u∕u∗))

(20)
u∗

u0
= 1 + exp

(
−

w

w0

)

Fig. 4  Variation of the 
minimum and central film 
thicknesses in case B, for 
tLoading = 1ms . The decrease of 
both the central and minimum 
film thicknesses can be seen in 
the entire domain
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where w is expressed inNm−1,h∗ = 69.8 nm,R∗ = 0.0128m , 
u0 = 2.74m s−1 , w0 = 14695Nm−1 . This semi-analytical 
model fits the numerical results obtained in Fig. 3 with a 
good accuracy (forw1D > 8000Nm−1 , the maximum relative 
difference between hA∗

m
 and hm is 6.12%).

By itself, the viscosity wedge in ZEV condition is able 
to provide a stable long-term film thickness. However, the 
transition from the HL regime to the EHL regime is marked 
by a low value of the minimum film thickness hA

m,min
.

3.2  Case B: Isothermal Squeeze

Figure 4 shows the variation of the central and minimum 
film thicknesses in case B for tLoading = 1ms . Both values 
continuously decrease over time. A strong initial decrease 
of the film thickness during the early stages of the loading 
process is observed. When the dimple is formed, the central 
film thickness barely decreases anymore, while the mini-
mum film thickness is continuously decreasing towards zero. 
These results are reminiscent of those obtained by Dowson 
and Wang [27] in the case of a very small drop height.

The variation of the minimum film thickness is repre-
sented in Fig. 5 (as a function of t ) for different loading 
times. In all cases, the film thickness decreases with the 
loading time. The decrease of the minimum film thickness is 
quicker—relatively to the loading time—for higher loading 
times. In this Figure, the maximum load is always reached 
at t = 1 . For tLoading = 0.01ms , the minimum film thickness 
has decreased by 33.4% when the maximum load is reached. 

In contrast, for tLoading = 100ms , the minimum film thickness 
has decreased by 99.8%.

Wang et al. [28] developed a semi-analytical model to 
account for an impact with initial velocity and no gravity. 
The dimensionless Moes parameters are defined in Eq. 21, 
and the film thickness formula defined by Wang et al. [28] 
is adapted in Eq. 22 (superscript Wang∗ ) by replacing the 
maximum half width, load and hertz pressure by their val-
ues at the end of the load ramp. The reciprocal asymptotic 
isoviscous pressure–viscosity coefficient �∗ is used to adapt 
to the usage of the WLF viscosity correlation as defined by 
Bair [45]. All complementary values are reported in Table 5.

(21)

⎧⎪⎨⎪⎩

M = �
�

3

4�Wang∗

� 1

2

L = �∗ph

�
4�Wang∗

3

� 1

4

Fig. 5  Variation of the mini-
mum film thicknesses with t  in 
case B for all values of tLoading

Table 5  Parameters used to predict the central film thickness in case 
B, using the semi-analytical formula by Wang et al. [28]

a (m) ph (Pa) �0 (Pas) �∗ (Pa−1)

1.05 × 10−4 6.06 × 108 0.0195 2.36 × 10−8

Table 6  Values of the central film thickness adapted from Wang et al. 
[28] compared to the central and minimum values given by the cur-
rent model in case B, for various loading times, at t̄ = 1 Thicknesses 
in nm

tLoading(ms) h
Wang∗

c
hB
c

||||
hB
c
−h

Wang∗

c

h
Wang∗

c

|||| (%)
hB
m

||||
hB
m
−h

Wang∗

c

h
Wang∗

c

|||| (%)

0.01 404.6 351.0 13.3 351.0 13.3

0.022 264.8 256.4 3.2 256.4 3.2

0.046 178.2 172.4 3.2 170.7 4.2

0.1 117.4 117.5 0.1 108.8 7.3

0.22 76.8 76.3 0.6 62.9 18.1

0.46 51.7 51.1 1.2 36.4 29.6

1 34.0 34.1 0.2 20.3 40.5

2.2 22.3 23.0 3.3 10.8 51.7

4.6 15.0 15.6 3.9 6.3 58.2

10 9.9 10.5 6.4 3.4 66.0

100 2.9 3.2 13.0 0.7 74.4
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where λWang* =
12×η0×Req

2

a×ph×t
*

 and t* = tLoading

Table  6 contains the values of hWang*

c  , hB
c

(
t = 1

)
 and 

hB
m

(
t = 1

)
 for all values of tLoading . They are also plot-

ted in Fig. 6 for comparison. For loading times such as 
0.046 ms < tLoading < 4.6 ms , the relative difference is less 
than 4% for the central film thickness. The formula adapted 
from Wang et al. [28] is in good agreement with the results 
of the present model for the central film thickness.

For 0.01 ms < tLoading < 0.22ms , the relative difference 
is less than 18.1% . Beyond that, the film thickness is itself 
below 50nm . As such, even though the relative difference 
between values increases, the absolute difference stays 
below 16nm.

(22)

h
Wang∗

c

Req ×
(
UDH

)1∕2 = 2.3 ×M0.2 × L0.55

where UDH =
1

2

(
L

�∗E�

)4

For slow loading processes, the film thickness at maxi-
mum load is of a few nanometres, whereas fast loading pro-
cesses lead to values of a few hundred nanometres. There-
fore, the present results highlight the fact that stronger 
loading processes lead to a relatively stronger squeeze effect.

4  Case C: Synergy Between the Viscosity 
Wedge and Squeeze Effects

In this section, assuming both squeeze and viscosity wedge 
are present (Case C), the behaviour of the contact is studied 
and compared to Case A and Case B. The initial and tem-
porary squeeze effect is compared to the onset of viscosity 
wedge effect.

Fig. 6  Variation of the 
minimum (full line) and central 
(dashed line) film thicknesses 
at t = 1 as a function of the 
loading time tLoading , compared 
to the semi-analytical model 
(black crosses) adapted from 
Wang et al. [19] (see Eqs. 21 
and 22). The numerical values 
are listed in Table 6

Fig. 7  Variation of the central 
and minimum film thicknesses 
in cases A, B and C, as a func-
tion of the dimensionless time t  . 
The maximum load is reached 
at t = 1
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4.1  Reference Case

The variations of the central and minimum film thicknesses 
for tLoading = 1ms in cases A, B and C are represented in 
Fig. 7.

When the squeeze and thermal effects are considered in 
case C, both the minimum and central film thicknesses fol-
low a non-monotonous variation with time. At the beginning 
of the loading process, the central and minimum film thick-
nesses are the same, until t = 0.124 . Before that, while case 
A rapidly reaches a minimum value at t = 0.02 , the decrease 
in case C closely follows the shape of case B, with a relative 
difference between the minimum film thicknesses in cases B 
and C of 0.6% . The squeeze effect is the main reason for the 
high film thickness at the early stages of case C.

Around t = tT = 0.07 , the merged minimum and central 
film thicknesses in case C decrease at a slower rate than in 
case B. At this stage, meaningful thermal effects appear. 
Moreover, the load is high enough ( w = 7062.3Nm−1 ) so 
that the corresponding merged minimum and central film 

thicknesses in case A are in the EHL regime, which is asso-
ciated with an increase of the film thickness with the load.

At t = 0.124 , separation between the central and mini-
mum film thicknesses occur, marking the appearance of a 
central dimple.

While the minimum film thickness is continuously 
decreasing in case B, the minimum film thickness in case 
C ( hC

m,min
= 175 nm ) is reached at t = 0.372 , this time being 

18.6 times greater than the one to reach hA
m,min

 , for a film 
thickness 2.35 times greater.

As can be seen in Fig. 7, the sudden stop in the loading 
process (at t = 1 ) induces a sudden change of the variation 
of hC

m
 . Indeed, at the instant the final load is attained, the 

transient term in Reynolds equation (Eq. 9) becomes close 
to zero, although not nil since the film thickness is still vary-
ing at that instant. The steady state is reached at t = 1.368.

This reference case shows how the squeeze and the vis-
cosity wedge effects are complementary to ensure a separa-
tion of the solids involved in a load ramp under ZEV condi-
tion. The squeeze effect provides an initial but temporary 

Fig. 8  Variation of the 
minimum film thickness 
in case A and case C, for 
tT = {0.0007, 0.007, 0.0152, 0.0318, 0.07} , 
as a function of the dimension-
less time t  . The minimum 
values over time are marked 
with “x”. hA

m,min
 and hA

m
(wref) 

, respectively, represent the 
minimum film thickness over 
time and the film thickness at 
maximum load in case A

Fig. 9  Variation of the 
minimum film thickness 
in case A and case C, for 
tT = {1.52, 3.18, 7} , as a func-
tion of the dimensionless time 
t  . The minimum values are 
marked with “x”
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load bearing capacity, delaying the otherwise rapid drop to 
very small film thicknesses at small loads. This dampening 
is similar to the one observed by Vichard [46]. Moderate-
to-high loads lead to the emergence of a stronger viscosity 
wedge effect.

4.2  Influence of the Characteristic Thermal–
Transient Ratio

The effect of the loading time (for a given thermal charac-
teristic time) is analysed in this section. The variation of 
the minimum film thickness with the dimensionless time t 
is represented in Figs. 8, 9 and 10 for various thermal–tran-
sient ratios. The values of hC

m,min
 are reported in Fig. 11 for 

all values of tT = tT∕tLoading.

4.2.1  Slow Loading

For extremely slow loadings ( tLoading = {10, 100}ms which 
corresponds to tT ≤ 0.007 ), the thermal time is extremely 
small compared to the loading time, which means that the 
thermal equilibrium stays close to the steady-state contact 
(case A). In these cases, the minimum film thickness over 
time hC

m,min
 tends towards the value hA

m,min
= 74nm for the 

biggest loading times.
For slow loadings ( tLoading = {1, 2.2, 4.6}ms which cor-

responds, respectively, to tT = {0.0152, 0.0318, 0.07} ), the 
squeeze effect provides a higher film thickness for a longer 
relative time during the loading process. This means that 
during the initial state (small load corresponding to the 
THL regime), the minimum film thickness is well over the 
value of the steady-state case ( hC

m
> hA

m
 ). From then, the 

behaviour of the contact is similar to the steady-state case, 
as described in the previous section. As the characteristic 

Fig. 10  Variation of the 
minimum film thickness 
in cases A, B and C, for 
tT = {0.152, 0.318, 0.7} , as a 
function of the dimensionless 
time t  . The minimum values 
over time hC

m,min
 are marked 

with a “x” in the corresponding 
colour. The prediction formula 
adapted from Wang (see Eqs. 21 
and 22) is also marked with a 
“+” as a reference. hA

m,min
 and 

hA
m
(wref) respectively represent 

the minimum value over time 
and the value at maximum load 
in the steady-state case

Fig. 11  Minimum film thick-
ness over time in case C, as a 
function of the characteristic 
thermal–transient ratio. The 
horizontal dotted lines mark the 
two extrema of the steady-state 
case A. The semi-analytical 
formula for case A (see Eqs. 19 
and 20) and the prediction 
formula adapted from Wang 
(see Eqs. 21 and 22) are given 
as references in red and blue, 
respectively. The black line cor-
responds to a composite model 
(Eq. 27) accounting for three 
regimes named “Slow”, “Inter-
mediate” and “Fast” loading
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thermal–transient ratio tT increases, the relative time needed 
to reach the steady-state state (after the loading ramp) 
increases.

In Fig. 8, the minimum film thickness in case C, noted 
hC
m,min

 , is particularly close to the curve describing the mini-
mum film thickness in case A. For each hC

m,min
 value cor-

responds a specific time noted tC|m,min , as shown in Table 7. 
For each of these times corresponds an instantaneous load 
w
(
tC|m,min

)
 , and by extension a value of the film thickness 

in steady-state conditions. Different approximations are 
attempted in Table 7.

First, the comparison between hC
m,min

 and hA
m

(
tC|m,min

)
 

shows that the values given by the model in case A over-
estimate the values given in case C by less than 13% for 
tT ≤ 0.0318 and 27% for tT = 0.07 . A first approximation 
in this range of values, therefore that hA

m

(
tC|m,min

)
, is close 

to hC
m,min

.
A more tentative comparison is to use w

(
tC|m,min

)
 as an 

input in the semi-analytical model given in Eqs. 19 and 20, 
which gives the values hA∗

m

(
w
(
tC|m,min

))
 . The relative differ-

ences between hC
m,min

 and hA∗
m

 
(
w
(
tC|m,min

))
 are below 26% for 

tT ≥ 0.007 . For tT = 0.0007 , the relative difference is quite 
higher at 43% , which can be explained by the shortcomings 
of the semi-analytical model in extremely low load condi-
tions. Indeed, the value of hC

m,min
 at tT = 0.0007 corresponds 

to a transition between the hydrodynamic and elastohydro-
dynamic regimes. This transition is not predicted by the 
semi-analytical model previously proposed. The resulting 
error is therefore unavoidable, but still acceptable at first 
approximation. A second approximation for slow loadings 
is therefore that hA∗

m

(
w
(
tC|m,min

))
 is close to hC

m,min
.

The previous analysis rely on the measured value 
tC|m,min . As an attempt to provide an approximation that is 

independent on any simulation results, the value of tT is cho-
sen. As such, w

(
tT
)
 is used as an input in the semi-analytical 

model given in Eqs. 19 and 20, giving a minimum film thick-
ness prediction hA∗

m

(
w
(
tT
))

 . While the values of tT differ 
from tC|m,min by close to an order of magnitude, the resulting 
comparisons between hC

m,min
 and hA∗

m

(
w
(
tT
))

 show relative 
differences less than 29%.

4.2.2  Fast Loading

F o r  f a s t  l o a d i n g s  o n  t h e  o t h e r  h a n d 
( tLoading = {0.01, 0.022, 0.046}ms which corresponds to 
tT > 1.52 ), the transient effect is so strong that the minimum 
film thickness in case C is greater than in case A at least until 
the maximum load is reached (Fig. 9), and then it continues 
to decrease towards hA

m
(wref).

A general approximation can be made for this type of 
loadings, by assuming that the minimum film thickness 
over time hC

m,min
 is close to the value of the steady state at 

full load, which can be approximated by the semi-analytical 
model (see Eqs. 19 and 20):

With this assumption, the relative differences between 
the simulations and the semi-analytical model are between 
12 and 26% , as shown in Table 8.

4.2.3  Intermediate Loading

For intermediate loadings ( tLoading = {0.1, 0.22, 0.46}ms 
which corresponds to tT ∈ {0.152, 0.318, 0.7} ), the squeeze 
effect is still visible in Fig. 10. For this type of loading, the 

(23)hC
m,min

≈ hA∗
m

(
w(tT )

)

(24)hC
m,min

≈ hA∗
m
(wref)

Table 7  Tentative prediction of the minimum film thickness (in 
[nm]) over time for slow loadings. Each relative difference is calcu-
lated assuming hC

m,min
 as a reference

All film thicknesses are given in nm

tT 0.0007 0.007 0.0152 0.0318 0.07

hC
m,min

76 116 138 161 174(
tC|m,min

)
0.03 0.07 0.10 0.15 0.32

hA
m

(
tC|m,min

)
76 123 154 183 221

hC
m,min

−hA
m
hA
m(tC|m,min)

hC
m,min

< 1% 6% 12% 13% 27%

hA∗
m

(
w
(
tC|m,min

))
110 136 152 174 219

||||
hC
m,min

−hA∗
m (w(tC|m,min))
hC
m,min

||||
43% 17% 10% 8% 26%

hA∗
m

(
w
(
tT
))

61 86 98 114 138

||||
hC
m,min

−hA∗
m (w(tT))

hC
m,min

||||
21% 26% 29% 29% 21%

Table 8  Tentative prediction 
of the minimum film thickness 
over time for slow loadings

tT 1.52 3.18 7

hC
m,min

218 237 245

hA∗
m

(
wref

)
275 275 275

||||
hC
m,min

−hA∗
m (wref)

hC
m,min

||||
26% 16% 12%

Table 9  Tentative prediction 
of the minimum film thickness 
over time for slow loadings

tT 0.152 0.318 0.7

hC
m,min

98 100 167

h
Wang∗

c
51 78 117

||||
hC
m,min

−h
Wang∗

c

hC
m,min

||||
48% 23% 30%
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minimum film thickness is observed above t = 1 . It is there-
fore possible to assume that the minimum film thickness 
over time hC

m,min
 is at least above the value obtained when 

only the squeeze effect is considered hB
m
(t = 1).

The thermal viscosity wedge, though influencing the 
result, is not yet fully active because of the fast load ramp 
compared to the thermal characteristic time ( tT < 0.7 ). 
The minimum film thickness in case C is then smaller than 
hA
m
(wref) before the end of the ramp.
As a consequence, and considering the previous approxi-

mation on Case A and Case B with semi-analytical formulae, 
hC
m,min

 would verify Eq. 25:

As described in Table 9, hC
m,min

 is closer to the lower limit, 
so as an approximation

Under this assumption the relative difference is between 
22.6 and 47.6% , still capturing the good order of magnitude.

4.2.4  A Composite Model Depending on the Thermal–
Transient Ratio

Figure 11 shows the minimum film thickness over time 
hC
m,min

 , for each value of the characteristic thermal–transient 
ratio tT  . The three regions previously studied are easily 
identified. The slow region, for which a good approxima-
tion is hA∗

m
(w(tT )) , the intermediate region, better fitted with 

h
Wang∗

c  , and the fast region where the asymptote corresponds 
to hA∗

m

(
wref

)
.

The different asymptotes and analytical predictions are 
plotted with different colours, and a composite model is pro-
posed (black line in Fig. 11), according to the thermal–tran-
sient ratio tT , covering all cases in Eq. 27.

5  Conclusion

Calculations made on contacts under ZEV condition sub-
jected to a load ramp show the respective influence of 
the viscosity wedge and squeeze effects. In steady-state 
conditions, the viscosity wedge is able to sustain a long-
lasting film thickness. For very low loads corresponding 
to the hydrodynamic regime, an increase in the load leads 
to a fast decrease of the film thickness, whereas for high 

(25)hWang∗

c
< hC

m,min
< hA∗

m
(wref )

(26)hC
m,min

≈ hWang∗

c

(27)hC
m,min

≈

⎧⎪⎨⎪⎩

hA∗
m

�
w
�
tT
��

for tT ≤ 0.1

h
Wang*

c for 0.1 < tT < 1

hA∗
m

�
wref

�
for tT ≥ 1

loads corresponding to the elastohydrodynamic regime, an 
increase of the load leads to an increase in the minimum film 
thickness. The change between regimes is therefore marked 
by a minimum value of the minimum film thickness. On the 
other hand, in transient isothermal conditions, the squeeze 
effect is only able to slow down the decrease of the film 
thickness. The faster the loading process, the stronger this 
effect.

A reference configuration in transient thermal condition 
shows how the squeeze effect can delay the decrease of the 
film thickness up to the point where the elastohydrodynamic 
regime is reached and strong temperature differences appear. 
From there, the viscosity wedge leads to a long-term film 
thickness up to the steady state.

A characteristic transient–thermal ratio is introduced 
to study the relative influence of the squeeze and thermal 
effects depending on the loading time.

For slow loadings, the thermal time is negligible in front 
of the loading time, which means that the contact closely 
follows the steady-state reference. In this range, the faster 
the loading, the stronger the initial squeeze effects, which 
increases the minimum film thickness.

For fast loadings, the contact is subjected to squeeze 
effects and the film thicknesses stays thick well after the 
maximum load is reached. This leaves enough time for the 
thermal effects to appear. As such, the minimum film thick-
ness stays close to the steady-state reference at final load, 
which can be estimated by a prediction formula inspired 
from [23].

Finally, under intermediate loadings, the initial separation 
provided by the squeeze effect is significant. The squeeze 
effect still fades out before the maximum load is reached. 
Meanwhile, thermal effects become really dominant after 
a given time. This leads to low values of the minimum film 
thickness over time. It is shown that this value can be esti-
mated by an adaptation of the model from Wang et al. [19] 
considering only the squeeze effect.
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Appendix: Semi‑analytical Formula 
for the Prediction of the Minimum Film 
Thickness in Steady‑State ZEV Contacts

As described in Eqs. 19 and 20, a semi-analytical model 
was employed to attempt a prediction of the minimum film 
thickness under steady-state ZEV condition. The given for-
mula was established using the experimental and numerical 
data measured in [23]. The corresponding study focused on 
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the minimum film thickness in contacts between a sapphire 
disk and a steel barrel under ZEV condition. With 293.15K 
boundary temperature, the relative difference between the 
model and the experimental results stays below 16% . This 
study showed that in the present range of conditions, steel 
on steel contacts are similar to sapphire on steel ones and 

their respective minimum film thicknesses are close enough. 
Complementary calculations were conducted at lower loads 
in order to expand the range of the study. For material data 
on the lubricant and steel, refer to Tables 1 and 2, respec-
tively. The material data for sapphire are listed in Table 10. 
The remaining input conditions are listed in Table 11. 

Using these values, a curve-fit was established using the 
method of least squares, as given in Eqs. 28 and 29. This 
model is confronted to the numerical and experimental 
results in Fig. 12. The coefficient of determination for the 
experimental dataset is 0.96 ; for the numerical dataset, it 
is 0.98.

where w is expressed in Nm−1, h∗ = 69.8 nm, u0 = 2.74ms−1, 
w0 = 14695Nm−1.

The factor 
(

Req

R∗

)−0.42

 found in Eq. 19 was determined by 
the method of least squares, using the simulation results of 
Case A and the partial model given in Eqs. 28 and 29. 
Because the exponent −0.42 was determined with only two 
radii, and because these radius values are so close ( 0.01m 
and 0.0128m ), extreme precaution should be taken when 
using the formula in Eq. 19 if one would apply it to very 
different radius values.

(28)
hA∗
m
(u,w)

h∗
= w0.146 × (1 − exp(−u∕u∗))

(29)
u∗

u0
= 1 + exp

(
−

w

w0

)

Table 10  Material properties for 
the sapphire disk used in [23]

Parameter Value

E2 (Pa) 360 × 109

�2 0.34

�2 (k gm
−3) 4000

Cp2 (J k g
−1K−1) 750

k2 (Wm−1 K−1) 40

Table 11  Input data for the experimental and numerical campaign 
initially used in [23]. For each configuration, experimental and 
numerical results were obtained, except for the two lower loads noted 
(*) for which only numerical results were obtained

u (m∕s) Req (m) T0 (K) wref (Nm
−1)

⎧⎪⎪⎨⎪⎪⎩

1.77;1.99;2.26;2.51;2.81;

3.16;3.54;3.97;4.46;5.00;

5.61;6.30;7.06;7.92;8.89;

9.98;11.19;12.56;14.09;

15.09;17.74

⎫⎪⎪⎬⎪⎪⎭

0.0128 293.15 1.99 × 104(*)

3.16 × 104(*)

4.14 × 104

5.82 × 104

9.24 × 104

Fig. 12  Ratio of the minimum 
film thickness over the value of 
h* as a function of the ratio of 
the velocity over u*
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